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Slow-roll inflation from massive vector fields
non-minimally coupled to gravity
A. Oliveros
Abstract In this work we study slow-roll inflation for
a vector-tensor model with massive vector fields non-
minimally coupled to gravity. The model under con-
sideration has arbitrary parameters for each geometri-
cal coupling. Taking into account a spatially flat FRW
type universe and a general vector fields (with temporal
and spatial components), we get the general expressions
for equation of motion and the total energy momentum
tensor. In this scenario, the isotropy of expansion is
guaranteed considering a triplet of orthogonal vector
fields, but the effective mass of the vector field is of the
order of the Hubble scale and the inflationary regime is
difficult to realize with this model. However, for suit-
able values (or constraints) of model parameters, it is
possible to overcome this issue. In this sense, two cases
were analyzed. In the first case, a regime with slow-roll
inflation was obtained, and for the second case the vec-
tor field behaves as a constant, and it drives a quasi de
Sitter expansion, hence that slow-roll takes place and
inflation occurs.
Keywords Inflation; Gauss Bonnet; Vector fields;
Slow-roll.
1 Introduction
The Hot Big Bang model of the universe has many
long-standing problems, for example: the horizon, the
flatness, and the monopole problems, among others.
The inflationary paradigm (Inflation) was introduced
to solve these problems [Guth (1981); Albrecht et al.
(1982); Linde (1982)]. Inflation is a period of accel-
erated expansion of the universe in early times and in
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this scenario, the space grows exponentially (or quasi-
exponentially) fast for a fraction of a second after the
Big Bang. Furthermore, Inflation can explain the cur-
rent temperature fluctuations observed in CMB spec-
trum and the formation of the large scale structures
in the universe [Mukhanov et al. (1981); Hawking
(1982); Guth et al. (1982)], and also predicts a nearly
scale invariant primordial power spectrum [Lyth et al.
(1999); Lidsey et al. (1997)].
Many different models of inflation have been proposed
and studied in the literature. In these models in-
flation is generically driven by the coupling of one
or more scalar fields to gravity (the so-called infla-
ton field), and the dynamics during inflation is such
that generically the potential energy of the fields dom-
inate over their kinetic term and the potential is flat
enough to ensure the so-called slow-roll inflation (for
more details about this topic see [Linde (1990)] and
[Liddle et al. (2000)]). Moreover, the models of in-
flation with scalar fields are successful because oth-
ers models with higher spin fields generically induce
a spatial anisotropy and the effective masses of such
fields are usually of the order of the Hubble scale and
the slow-roll inflation does not occur [Ford (1989);
Burd et al. (1991); Chiba (2008)]. Besides of scalar
fields models of inflation, in recent years some au-
thors have considered another alternative, suggesting
the possibility that the inflation is driven by massive
vector fields [Golovnev (2008); Setare et al. (2013);
Darabi et al. (2014); Maleknejad et al. (2013); Koh
(2011)]. The vector fields, also have been considered
as another alternative to solve the dark energy prob-
lem [Kiselev (2004); Wei et al. (2006); Koivisto et al.
(2008); Jimenez et al. (2008, 2009); Bo¨hmer et al.
(2007); Oliveros et al. (2015)]. In the reference [Golovnev
(2008)] the authors propose a scenario where inflation is
driven by non-minimally coupled massive vector fields
2and it is shown that in an FRW type universe these
fields behave in precisely the same way as a massive
minimally coupled scalar field. In addition, the prob-
lem with the spatial anisotropy is solved considering
a triplet of orthogonal vector fields or for the expense
of N randomly oriented vector fields. In this sense,
we propose a general vector-tensor model of inflation
which has extra terms coupled to vector fields (the Ricci
tensor, Ricci scalar and Gauss Bonnet invariant). This
proposal is more general than the studied by [Golovnev
(2008)].
This paper it is organized as follows: in section 2 we
introduce a vector-tensor model of inflation with non-
minimally coupled terms to massive vector fields and
the corresponding field equations are obtained. In sec-
tion 3, we consider a flat FRW type universe and a
vector field with temporal and spatial components, and
from these considerations general expressions for equa-
tion of motion and the total energy momentum tensor
are obtained. Also, in this section we consider suitable
values (or constraints) of model parameters, and the
respective analysis is performed. Finally, some conclu-
sions are exposed in section 4.
2 The model
The action for the vector-tensor model of inflation con-
sidered in this work has the following form
S =
∫
d4x
√−g
[
− R
2
− 1
4
FµνF
µν − η
2
RµνA
µAν
+
1
2
(
m2 + ωR+ ξG)AµAµ
]
,
(1)
where Fµν = ∂µAν − ∂νAµ, Rµν and R are the
Ricci tensor and the Ricci scalar, respectively, G =
R2− 4RµνRµν +RµναβRµναβ is the topological Gauss-
Bonnet invariant (GB), and free coupling constants (η,
ω, ξ) for each non-minimal coupling term are included.
ω and η are dimensionless, but the dimensions of ξ are
M−2. The action Eq. (1) satisfies three very impor-
tant conditions: (1) the Lagrangian density is a four-
scalar; (2) the resulting theory is metric and (3) there
are no higher than second derivatives in the resulting
field equations [Koivisto et al. (2008)]. In addition,
to avoid a possible ghost instability of the longitudinal
component of the massive U(1) vector field in the slow-
roll regime,the following condition needs to be satisfied
[Himmentoglu et al. (2009); Germani et al. (2009)]
1
2
(
m2 + ωR+ ξG − ηRµνgµν
)
> 0. (2)
Nevertheless, in order to decide whether or not this
vector model of inflation is perturbatively unstable, the
full gravitational and field theory perturbation analysis
must be performed. The ghost instability problem will
not be considered in this work.
The Eq. (1) represents a generalization of the model
considered in the reference [Golovnev (2008)], where
inflation is driven by non-minimally coupled massive
vector fields, but the couplings with GB invariant and
the Ricci tensor are not considered (ξ = 0 and η = 0).
A similar model was studied by [Oliveros et al. (2015)]
in the dark energy context, but without explicit poten-
tial terms. A model with vector field coupled to GB
invariant and the Ricci scalar in a Bianchi type-I uni-
verse was proposed by [Koivisto et al. (2008)].
The variation of the action (1) with respect to the met-
ric tensor gµν gives the field equations
Rµν − 1
2
gµνR = κ
2Tµν , (3)
where κ2 = 8πG =M−2p and Tµν is the energy momen-
tum tensor for the vector field, and which the following
form:
Tµν = T
(1)
µν + T
(2)
µν + T
(3)
µν + T
(4)
µν + T
(5)
µν . (4)
Each term is given by the following expressions
(Eqs. (5)-(9)):
T (1)µν = FµβF
β
ν −
1
4
gµνFαβF
αβ, (5)
T (2)µν =
η
2
(
gµν
[
RαβA
αAβ −∇α∇β(AαAβ)
]
−(AµAν) + 2∇β∇(µ(Aν)Aβ)
− 4Rβ(µAν)Aβ
)
,
(6)
T (3)µν = −
1
2
ξ
(
8
[
R αβµ ν∇α∇β(φ) +Rµνφ
− 2∇β∇(µ(φ)R βν) +
1
2
R∇µ∇νφ
]
+ 4
[
2Rαβ∇α∇β(φ) −R(φ)
]
gµν − 2GAµAν
)
,
(7)
T (4)µν =ω
[
RAµAν +
(
Rµν − 1
2
gµνR
)
φ+ gµν(φ)
−∇(µ∇ν)(φ)
]
,
(8)
3and
T (5)µν = m
2AµAν − 1
2
m2AλA
λgµν , (9)
where φ = AαA
α, is an invariant scalar. For more de-
tails about the variation of the Gauss-Bonnet term, see
the reference [Nojiri et al. (2005)].
On the other hand, the variation of the action with
respect to Aµ, gives the equation of motion
−∇µFµν + ηRνµAµ − (m2 + ωR+ ξG)Aν = 0. (10)
3 Cosmological analysis
In this section we carry out the analysis related to
the early cosmological evolution of the universe gen-
erated by the model described in the previous sec-
tion, taking into account a possible slow-roll infla-
tion regime. First, we consider the flat Friedmann-
Robertson-Walker (FRW) metric for a homogeneous
and isotropic universe, which is given by
ds2 = dt2 − a(t)2
3∑
i=1
(dxi)
2, (11)
where a(t) is the scale factor. Also, for the next calcula-
tions, we will regard that the vector field has temporal
and spatial components, i. e. Aµ = (A0(t, ~r), ~A(t, ~r)).
Using the FRW metric in Eq. (10) we obtain the fol-
lowing equations:
− 1
a2
∆A0 +
1
a2
∂iA˙i − 3η(H˙ +H2)A0
+ [m2 − 6ω(H˙ + 2H2) + 24ξH2(H˙ +H2)]A0 = 0,
(12)
A¨i − ∂iA˙0 +HA˙i −H∂iA0 − 1
a2
∆Ai
+
1
a2
∂i(∂kAk) + η(H˙ + 3H
2)Ai
+ [m2 − 6ω(H˙ + 2H2) + 24ξH2(H˙ +H2)]Ai = 0,
(13)
where ∂i ≡ ∂/∂xi, a dot denotes a derivative with re-
spect to the physical time t and we assume the summa-
tion over repeated spatial indices. One of the quanti-
ties which characterizes the strength of the vector field
in coordinate independent way is the scalar [Golovnev
(2008)]
φ = AαA
α = A20 −
1
a2
AiAi, (14)
from which it is possible to introduce a new variable
Bi ≡ Ai/a2 instead of Ai. Considering that the vector
field is quasi-homogeneous (∂iAα = 0), it is evident
from the Eq. (12) that
A0 = 0, (15)
and Eq. (13) it can be rewritten in terms of the field
strength Bi, then
B¨i + 3HB˙i + [m
2 + (1 + η − 6ω)H˙
+ (2 + 3η − 12ω)H2 + 24ξH2(H˙ +H2)]Bi = 0.
(16)
We can see that, if η = 0, ω = 1/6 and ξ = 0, then the
equation of motion for Bi is reduced to that of mini-
mally coupled massive scalar fields [Golovnev (2008)].
Now, it is necessary to check if in this scenario the vec-
tor field could generate an early accelerating phase (in-
flation). From Eq. (16), we can define the effective
mass of the vector field as
m2eff ≡m2 + (1 + η − 6ω)H˙ + (2 + 3η − 12ω)H2
+ 24ξH2(H˙ +H2),
(17)
In the reference [Koh et al. (2012)] it is shown that
using a timelike vector field, the inflationary regime is
difficult to realize, since the effective mass of the vector
field is order of the Hubble scale (it is required that
m2eff ≪ H2) and the slow-roll conditions could not be
fulfilled. We can see that the geometrical couplings
RµνA
µAν , ωRAµA
µ and ξGAµAµ present in our model
produce a large effective mass (see Eq. (17)), and there-
fore the inflationary regime is difficult to realize with
this model. But, for suitable values (or constraints) of
model parameters it is possible to overcome this issue.
These restrictions will be taken under consideration in
the next section.
From Eqs. (4)-(9) and using the FRW metric given
by Eq. (11), the components of the energy momentum
tensor (Eq. (4)) can be written as
T 00 =
1
2
(B˙2k +m
2B2k) + (1 + η − 6ω)HB˙kBk
+
(1
2
− 3ω
)
H2B2k + 24ξH
3B˙kBk,
(18)
4and
T ij =
[1
2
[
(−1− 4ω + 16ξH2)B˙2k + (m2 − (1 + 6ω)H2
− 4ωH˙)B2k
]− (1 + η + ω − 16ξ(H˙ +H2))HB˙kBk
− 2(ω − 4ξH2)B¨kBk
]
δij + (1 + η)B˙iB˙j
+
(
1 +
3
2
η
)
H(B˙iBj + B˙jBi)
+ [−m2 + (1 − 3η + 12ω − 24ξH2)H2 − (η − 6ω
+ 24ξH2)H˙ ]BiBj +
η
2
(B¨iBj + B¨jBi),
(19)
where we have considered that the vector field is homo-
geneous and the summation over index k is assumed.
For η = 0, ω = 1/6 and ξ = 0 the Eqs. (18) and (19)
are reduced to those reported by [Golovnev (2008)]
(note that to eliminate the second order terms B¨kBk,
B¨iBj and B¨jBi it is necessary to use the equation of
motion Eq. (16)). The Eq. (18) is similar to that re-
ported in the literature for scalar-tensor models of dark
energy with Gauss-Bonnet and non-minimal couplings
[Nojiri et al. (2005); Granda et al. (2014)]. It is clear
that the spatial part of the energy momentum tensor
given by Eq. (19) contains non-diagonal components,
therefore, the spatial isotropy is broken. To solve this
problem, we will use the formalism presented in the
reference [Golovnev (2008)], namely, several fields will
be considered simultaneously.
We consider a triplet of mutually orthogonal vector
fields B
(a)
i , with the same magnitude |B| each. The
orthogonality of the vector fields is given by
∑
i
B
(a)
i B
(b)
i = |B|2δab , (20)
and from this result it is clear that
∑
i
B
(a)
i B
(a)
j = |B|2δij. (21)
From these relations, the Eqs. (18) and (19) take the
following form
T 00 =ρ =
3
2
(B˙2k +m
2B2k) + 3(1 + η − 6ω)HB˙kBk
+ 3
(1
2
− 3ω
)
H2B2k + 72ξH
3B˙kBk,
(22)
and
T ij =− pδij =
{1
2
[
(−1− 12ω + 4η
+ 48ξH2)B˙2k +
[
m2 − 48ξH4 − 4ηH˙
− (1− 6ω + 12η + 48ξH˙)H2]B2k
]
+ [−1− 12ω + 48ξ(H˙ +H2)]HB˙kBk
+ 2(η − 3ω + 12ξH2)B¨kBk
}
δij ,
(23)
where, each component of the density and pressure
given by T
0(k)
0 = ρk and T
i(k)
j = −pkδij satisfies the
consistency relation ρ˙k+3H(ρk+pk) = 0, for k = 1−5,
which was carefully verified for this model.
In order to analyze a possible slow-roll inflation regime
generated with this model, we consider in the next sec-
tion suitable values (or constraints) of model parame-
ters η, ω and ξ, taking into account that in Eq. (17)
the restriction H˙ ≪ m2eff ≪ H2 must be satisfied.
3.1 The case η = 0 and ω = 1/6
In this section we consider that η = 0, ω = 1/6 and
the parameter ξ take arbitrary values (but considering
that the slow-roll conditions and the observational con-
straints must be satisfied). We can see that, from Eqs.
(16), (22) and (23) the background equations reads
B¨k + 3HB˙k + [m
2 + 24ξH2(H˙ +H2)]Bk = 0, (24)
3H2 =
3κ2
2
[
(B˙2k +m
2B2k) + 48ξH
3B˙kBk
]
, (25)
2H˙ =κ2
[
3(−1 + 8ξH2)B˙2k − 24ξH2[m2
+ 24ξH2(H˙ +H2)]B2k
+ 48ξH(H˙ − 2H2)B˙kBk
]
.
(26)
where the equation of motion Eq. (24) was used
to simplify the last expression (Eq. (26)). Note
that in our case the right hand side of the Eqs.
(25) and (26) are multiplied by 3, which is due to
the number of vector field components. These equa-
tions are similar to those studied in models of infla-
tion with scalar fields coupled to the Gauss-Bonnet
invariant [Neupane et al. (2006); Guo et al. (2010);
Jiang et al. (2013); Koh et al. (2014); Kanti et al.
(2015); Bruck et al. (2016)]. Therefore, the slow-
roll approximation φ˙2/2 ≪ V for the inflaton field is
equivalent (for massive vector fields) to the condition
B˙2k ≪ m2B2k. In a similar fashion (replacing φ by Bk
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Fig. 1 Plot of the e-folding number N versus the param-
eter α, using B2k(i) = 81M
2
p .
in the scalar field equations), we can calculate for this
model the number of e-folds and the observable quanti-
ties such as the power spectra of the scalar and tensor
modes, the spectral indices, the tensor-to-scalar ratio
and the running spectral indices. For example, consid-
ering the slow-roll conditions (see [Guo et al. (2010)]
and [Koh et al. (2014)])
B˙2k ≪ m2B2k, B¨k ≪ 3HB˙k,
24ξHB˙kBk ≪ 1, H˙ ≪ H2.
(27)
the background equations Eqs. (24), (25) and (26), are
reduced to
3HB˙k +m
2Bk + 24ξH
4Bk ≃ 0, (28)
H2 ≃ κ
2
2
m2B2k, (29)
H˙ ≃ −3κ
2
2
(B˙2k + 32ξH
3B˙kBk). (30)
The number of e-folds is given by (assuming that B2k(e)
is negligible compared to B2
k(i))
N =
∫ te
ti
Hdt ≃
∫ B2
k(i)
B2
k(e)
3
4
[
1 + 6α(κ2B2k)
2
]d(κ2B2k)
≃ 1
4
√
3
2α
tan−1
[√
6ακ2B2k(i)
]
,
(31)
where α ≡ m2ξ is a dimensionless parameter and we
have used the Eqs. (28) and (29). Moreover, sum-
mation over repeated indices is understood. We can
see in Fig. 1 that the condition of N & 60 requires
α . αc = 10
−6, where αc is the value when α becomes
nearly constant. In this case, the e-folding number N
behaves in a similar way to that shown in Fig. 2 of the
reference [Koh et al. (2014)].
Thereby, all results obtained with the scalar-Gauss-
Bonnet inflation models are reproduced with this pro-
posal (as long as the value of the parameter ξ is ac-
cording to slow-roll conditions and the observational
constraints), so the vector fields should be considered
as a good candidate to drive inflation. But, it is neces-
sary to realize a detailed study of stability to guarantee
the viability of the model.
3.2 The case η = −2/3 and ω = 0
The choice for the model parameters in this section are
η = −2/3 and ω = 0. With this selection, the term
proportional to H2 in the Eq. (16) is suppressed and
the restriction m2eff ≪ H2 it is satisfied. Now, using
again Eqs. (16), (22) and (23) the basic equations are
given by
B¨k + 3HB˙k +
[
m2 +
1
3
H˙ + 24ξH2(H˙ +H2)
]
Bk = 0,
(32)
3H2 =
3κ2
2
[
(B˙2k +m
2B2k) +
2
3
HB˙kBk
+H2B2k + 48ξH
3B˙kBk
]
,
(33)
2H˙ =κ2
[2
3
(−5 + 36ξH2)B˙2k
+
1
9
[
3m2 + 16H˙ − 18H2[−1 + 12m2ξ
+ 4ξH2(−1 + 72ξ(H˙ +H2))]]]B2k
+ 2H [1 + 24ξ(H˙ − 2H2)]B˙kBk
]
.
(34)
Using the slow-roll conditions given by the Eq. (27),
the background equations Eqs. (32), (33), and (34)
take the following form
3HB˙k +m
2Bk + 24ξH
4Bk ≃ 0, (35)
H2 ≃ κ
2
2
(m2 +H2)B2k, (36)
H˙ ≃ −κ2
(
5
3
B˙2k −HB˙kBk
)
. (37)
6But, taking into account that m2 ≪ H2 in Eq. (36),
we have that the vector field is reduced to a constant
(the fields Bk are “frozen”):
B2k ≃ 2M2p , (38)
Therefore, the energy density ρ ≃ (3/2)κ2H2B2k asso-
ciate to the vector field remains almost constant and
the potential V = −(1/2)m2B2k = const could drive the
quasi de Sitter expansion analogous to the scalar field
(chaotic Inflation) [Linde (1990); Golovnev (2008)],
hence that slow-roll takes place and inflation occurs. In
this context, the inflation period does not finish (eter-
nal inflation) and therefore, the number of e-folds N is
not considered in this case.
In general, considering that the model parameters sat-
isfies the constraint 2 + 3η − 12ω = 0, again the term
proportional to H2 in the Eq. (16) is removed and the
restriction m2eff ≪ H2 it is satisfied. Hence, in a similar
way to the last case, the vector field is reduced to a
constant:
B2k ≃
(
2
1− 6ω
)
M2p , (39)
where 1 − 6ω 6= 0, and the non-minimal coupling with
ω = 1/6 is forbidden in this context.
4 Conclusions
In this work we have considered slow-roll inflation for
a vector-tensor model with massive vector fields non-
minimally coupled to gravity. In addition, the model
under consideration has arbitrary parameters for each
geometrical coupling (see Eq. (1)). Using a spatially
flat FRW type universe and general vector fields with
temporal and spatial components, the general expres-
sions for equation of motion and the components of the
energy momentum tensor were obtained (see Eqs. (16),
(18) and (19)). In this scenario, the isotropy of expan-
sion is guaranteed considering a triplet of orthogonal
vector fields, but the effective mass of the vector field
is of the order of the Hubble scale and the inflationary
regime is difficult to realize with this model (see Eq.
(17)). However, for suitable values (or constraints) of
model parameters it was possible to overcome this is-
sue. For the case η = 0 and ω = 1/6, the model it
behaves in a similar way to those models of inflation
with scalar fields coupled to the Gauss-Bonnet invari-
ant (see Eqs. (28), (29), (30) and Fig. 1). The anal-
ysis with η = −2/3 and ω = 0 was performed and
with this choice, it is shown that the vector field is re-
duced to a constant (see Eq. (38)), and the vector field
drives a quasi de Sitter expansion, (analogous to the
scalar field), hence that slow-roll takes place and in-
flation occurs. On the other hand, for the constraint
2+ 3η− 12ω = 0, again the vector field is constant and
the non-minimal coupling with ω = 1/6 is forbidden
(see Eq. (39)). This model could be generalized taking
into account an arbitrary potential V (A2) and an arbi-
trary non-minimal couplings η(A2), ω(A2) and ξ(A2),
where A2 ≡ AµAµ. Finally, from the above analysis
we can say that the vector fields non-minimally cou-
pled to gravity can be considered as a good candidate
to drive inflation. However, it is necessary to perform
a detailed study of stability to guarantee the viability
of the model.
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